
Introduction to cooperativity in molecular binding events

Why cooperativity is important to biological systems

So far we have looked at simple binding events and we have seen that simple saturable
binding leads to Langmuir type behavior. The problem with a Langmuir is that the entire
shape of the curve is determined by a single parameter. So if we peg one point on the
binding curve we determine the shape of the entire curve. (This is the reason why we
have so many different ways to determine the K in a Langmuir curve. e.g. the same
parameter that determines the half-saturation point also determines the initial slope.) If
you are a biological system (and you are) and you only had Langmuir type responses at
your disposal, you would be in trouble.

To illustrate this point I will engage in some persiflage and will describe two hypothetical
biological signaling systems to you. While the examples were clearly chosen in jest, the
point I am trying to make is rather important.

Enjoying alcohol in moderation
Now imagine you are a cell and you are monitoring the concentration of a particular
molecule in your surroundings (depending on what type of cell you are this molecule
could be a nutrient or a hormone or anything else that you need to respond to). So of
course you will need a receptor on your surface that monitors the concentration of this
molecule. If the receptor binds the ligand, then it is turned on and the biological activity
is linearly proportional to the activity of the receptor’s output (the last part is generally
not true, but lets just pretend it is for now).

If the receptor can only display langmuir type behavior you are in a bind. If you want a
very sensitive binding system, that senses very low concentrations of ligand, this systems
response will also fully saturate at very low concentrations of ligand. The reason for this



is that a large K (low [X]1/2 qmax) that will give you the ability to bind ligands present at
low concentrations also automatically gives a steep initial slope (K) and early saturation.

Lets imagine you are a bacterial cell and you want to sense the presence of alcohol in
your surrounding. A little alcohol is good, because it is an energy rich carbon source.Too
much alcohol is bad though, because it will dissolve your membranes and eventually kill
you. So an ideal signaling system for alcohol should be sensing small amounts of alcohol
and stimulate an attractive response, but it should also be able to distinguish between
high levels of alcohol (great food source) and very high levels of alcohol (death
sentence).
With a Langmuir we either have sensitivity to low concentrations of ligands (high K), or
we can distinguish between high and very high levels of ligand (low K), but we cannot do
both. In your homework assignment you worked through a simple example of how one
could built a receptor that allows the desired sensing behavior. In that case the active
signaling state of the receptor was a partially liganded state so that the biological output
is proportional to the fraction of RX1.

If we assumed that the microscopic binding constants were the same, we could show that
K1=2k and K2=k/2 and the fraction of molecules in the RX1 form changed with the
concentration of free ligand by increasing at low concentrations of free ligand and
decreasing in the presence of high free ligand.  It may seem a bit paradoxical, but we
achieved this result of a non-langmuir dependence of our signal on free ligand
concentration by linking two langmuir-type binding events to the active signaling state of
our receptor.

How to avoid “spliver”
Another biological process where Langmuir style binding would have bad consequences
for an organism comes from tissue differentiation. Many tissues develop in response to a
gradient in signaling molecules. The head-to-tail segmentation of Drosophila embryos in
response to diffusible factors is a classic example.  Somehow this continuous gradient is
converted into a sharp boundary between two tissue types. In the example below, a
concentration of “liverin” above a threshold results in the tissue developing into liver



while a concentration below the threshold results in the tissue differentiating into spleen.
(I am obviously making this up!!!)

If we had receptors with Langmuir behavior, we would get a large area of tissue that
would be “spliver”, because the receptors on those cells would be partially on and
partially of.
What we want instead is a behavior that looks like a step function.

For us to avoid spliver completely the step has to be so abrupt that we go from all
receptors on to all receptors off in the width of a single cell.

Engineering your desired response function requires the linking of equilibria
As we have seen above, simple Langmuir type binding results in response functions
which are far from optimal for most sensing functions. Clearly the ability to achieve



different binding curves and thereby customize a response function would give an
organism a tremendous competitive advantage. But how does a cell design the perfect
response function for its biological needs. The general answer is : “By linking equilibria”.
In other words, by making binding events and conformational changes interdependent we
can shape our response functions.

The benefits of understanding linked equilibria
While this answer is a little fluffy, the relationships between the properties of a response
function and the linkage mechanism that gives rise to them is surprisingly rigorous. Often
if you can measure the response function of your molecule, you can learn something
about the molecular architecture of your receptor system.

Take for example the case of the developing tissue. If I can measure the steepness of the
step, I can immediately calculate the minimal number of ligand binding sites on the
receptor complex.

On the other hand if you know all the microscopic equilibrium constants, you will also be
able to predict the macroscopic behavior of your signaling system.  This area of the
biological sciences in which one tries to connect the microscopic binding and rate
constants of isolated processes to the behavior of whole cells or organisms is called
sytems biology and is a quickly growing and very exciting area of research.

Cooperativity
Since I have pointed out that shaping our binding curves would give us a great
evolutionary advantage, it should hardly be surprising to you that nature constantly takes
advantage of this possibility.

The basic macroscopic way to think about this is that the binding constant of a second or
third ligand will depend on the presence of a previous ligand. Depending on whether the
binding constant for subsequent binding events increases (tighter binding) or whether it
decreases we will refer to positive cooperativity and negative cooperativity.

A formal framework for thinking about equilibria
Lets set up an equation that gives us the average number of ligands bound to a multi-site
protein. In tipping our head to hemoglobin lets work this out for the case of one molecule
with four binding sites.

So our reaction scheme is:

† 

P K1æ Æ æ PX1
K2æ Æ æ PX2

K3æ Æ æ PX3
K4æ Æ æ PX4

↑ ↑ ↑ ↑

X X X X

where K1 etc. are the macroscopic binding constants and PX1 are all the states of P with
one ligand bound.



 It then follows that:

† 

[PX1] = [P0]K1[X]
and
[PX2] = [PX1]K2[X] = [P0]K1[X]K2[X] = [P0]K1K2[X]2

and by extension
[PX3] = [P0]K1K2K3[X]3

and
[PX3] = [P0]K1K2K3K4[X]4

If we could measure the concentration of P, PX, PX1 etc. individually we could simply
determine K1, K2 etc. by forming the appropriate ratios.
Unfortunately we usually cannot do this and our measurements are limited to determining
the average number of ligands bound to the receptors in our sample.
How is the average number of ligands related to these equilibrium constants?

The average number of ligands bound is the total number of ligands divided by the total
number of receptors

† 

n =
bound ligands
total protein

=
1⋅ PX1 + 2 ⋅ PX2 + 3 ⋅ PX3 + 4 ⋅ PX4

P0 + PX1 + PX2 + PX3 + PX4

substituting from above

n =
1⋅ [P0]K1[X]+ 2 ⋅ [P0]K1K2[X]2 + 3 ⋅ [P0]K1K2K3[X]3 + 4 ⋅ [P0]K1K2K3K4[X]4

P0 + [P0]K1[X]+ [P0]K1K2[X]2 + [P0]K1K2K3[X]3 + [P0]K1K2K3K4[X]4

e liminating [P0]

n =
1⋅ K1[X]+ 2 ⋅ K1K2[X]2 + 3 ⋅ K1K2K3[X]3 + 4 ⋅ K1K2K3K4[X]4

1+ K1[X]+ K1K2[X]2 + K1K2K3[X]3 + K1K2K3K4[X]4

This type of equation is called a binding polynomial.

How would this type of polynomial behave?

If we have very large [X] the component with the highest exponent will dominate over all
other components in the sums of both the numerator and the denominator.
So unless K4 is infinitely small our equation at very large [X] will be approximated by

† 

n =
4 ⋅ K1K2K3K4[X]4

K1K2K3K4[X]4 = 4

in other words the equation predicts that we will eventually saturate all binding sites on
the receptor.



By the same token for very small values of [X] the first term will dominate and our curve
will look like the beginning of a langmuir at very small concentrations. So we can read of
K1 right away from the initial slope of our binding curve.

Behavior for different kinds of binding constants

Independent and equivalent binding sites
Lets test drive our formalism for a case where we know what the behavior should look
like (i.e. the case of independent binding sites).

In other words the individual K values differ only by their relative statistical prefactors.

Here is how we get the prefactors:

with kintr as the intrinsic binding constant of this site, we now can calculate the behavior
of our model.



† 

n =
1⋅ 4[kX]+ 2 ⋅ 4 ⋅

3
2
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3
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3
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⋅
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1+1⋅ 4(k[X]) + 4 ⋅
3
2
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3
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⋅
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(k[X])4

n =
4(k[X]) +12(k[X])2 +12(k[X])3 + 4(k[X])4

1+ 4(k[X]) + 6(k[X])2 + 4(k[X])3 + (k[X])4

n = 4k[X] 1+ 3(k[X]) + 3(k[X])2 + (k[X])3

1+ 4(k[X]) + 6(k[X])2 + 4(k[X])3 + (k[X])4

n = 4[kx] (1+ k[X])3

(1+ k[X])4 = 4[kx] 1
1+ k[X]

= 4 k[X]
1+ k[X]

so we do get a Langmuir back, just as our intuition would have told us.

Two conclusions from this:
1) Simply putting binding sites on the same molecule does not give us cooperativity.
2) In order to get a nice sharp transition, the sequential increase in binding constants
from binding the first ligand to binding the subsequent ones has to be very large, because
we have to fight against the statistical prefactors.

How to make a cooperative molecule

Negative cooperativity, that’s easy
So lets first try to design a protein with negative cooperativity. I.e. the binding constant
for higher-order binding events is lower than that for binding the first binding event. So
we simply take our protein with the four equivalent binding sites, and we use site-
directed mutagenesis to bash up the binding sites so that K1>K2.K3>Ka. So then when our
ligand comes in, it will bind to the first site tightly and then

Etc. etc.etc.

Positive cooperativity, now that is hard.

Lets try the same design approach for positive co-operativity. We take our molecule with
four binding sites and modify the second binding site to have higher affinity than the first,
and the third and fourth binding sites to have higher affinity still. Now as we bind our
first ligand …. Wait this is not going to work, the first ligand will go to the binding site
with the highest binding affinity first. So our system will again give us the behavior we



would associate with negative co-operativity. The real trick is setting up positive
cooperativity. To get positive cooperativity we have to occupy high-affinity binding sites
after a low-affinity site has already been occupied. In other words we have to set up a
situation where we create binding sites with higher and higher effective binding constants
as we start to occupy all the sites on our receptor. We have to create these binding sites in
situ.

The Hill equation is a special case of our general binding polynomial

Now lets think about what positive cooperativity would look like in terms of our binding
polynomial.

† 

n =
1⋅ K1[X]+ 2 ⋅ K1K2[X]2 + 3 ⋅ K1K2K3[X]3 + 4 ⋅ K1K2K3K4[X]4

1+ K1[X]+ K1K2[X]2 + K1K2K3[X]3 + K1K2K3K4[X]4

if K4>>K3>>K2>>K1 and Kx*X>1 then the terms containing K4 should dominate our
behavior, because they are so much larger than our terms that contain only the other
binding constants. For example if:

† 

K1[X] =10
K2[X] =100
K3[X] =1000
K4[X] =10000

K1[X] =10
K1K2[X]2 =10 ⋅100 =1000
K1K2K3[X]3 =10 ⋅100 ⋅1000 =1,000,000
K1K2K3K4[X]4 =10 ⋅100 ⋅1000 ⋅10000 =10,000,000,000

so if K4 is much larger than the other binding constants the last term in our binding
polynomial is going to dominate and our binding polynomial reduces to

† 

n =
4 ⋅ K1K2K3K4[X]4

1+ K1K2K3K4[X]4 = 4
Keff [X]4

1+ Keff [X]4

There is an incredible resemblance to a Langmuir, but it not a Langmuir, because we
have the exponent associated with the concentration.

Lets see what we get if we formulate our reaction the traditional way will we get the
same result:



† 

P + 4X Keffæ Æ æ PX4

then

Keff =
[PX4 ]

[P] ⋅ [X]4 fi [PX4 ] = Keff [P] ⋅ [X]4

q =
[PX4 ]

[P]+ [PX4 ]

=
Keff [P] ⋅ [X]4

[P]+ Keff [P] ⋅ [X]4

=
Keff [X]4

1+ Keff [X]4

with

n = q ⋅ number of sites = 4
Keff [X]4

1+ Keff [X]4

Positive co-operativity is a process of depleting partially liganded states of receptors
As you can see our model in which we had larger and larger binding constants for
subsequent binding events gives us the same mathematical result as a formalism in which
we skip all partially bound states of the receptor (PX1,PX2,PX3) and directly jump from P
to PX4.  In the case of Hill cooperativity we which is also referred to as perfect
cooperativity we eliminated the presence of intermediate ligation states completely.

So what does this curve look like.
First look at f(x)=xn with increasing n

-smaller and smaller for x<1
-the same at x=1
-larger and larger for x>1

So what does the Hill model curve look like.



This is obviously much better than a Langmuir. We can determine the slope of our
response (by adjusting n) and we can adjust the concentration around which we get a near
linear response.

The Hill plot, interpreting the cooperativity of binding curves.
If we have a given curve and we want to quantitate how cooperative this binding curve is,
we can compare the observed data to the data we would predict from Hill models with
differing numbers of ligands.
The easier way to do this  is by using the Hill plot.

Lets look at our function q

† 

q =
n 

number of sites
=

Keff [X]n

1+ Keff [X]n

q =
Keff [X]n

1+ Keff [X]n

q + qKeff [X]n = Keff [X]n

q = Keff [X]n -qKeff [X]n

q = Keff [X]n (1-q)
q

(1-q)
= Keff [X]n

taking ln of both sides

ln q
(1-q)

= lnK + n ln[X]

if we plot



† 

ln q
(1-q)

vs. ln[X]

we should get a line with a slope of n

Since the Hill model stipulates perfect cooperativity. Just looking at the slope of the hill
plot in our response curve, will tell us the minimal number of binding events that must be
involved in the molecular scale binding reaction. So you can look at a slope and see that,
Yep this receptor must have at least 3 binding sites. Could be more (because
cooperativity may not be perfect) but there are at least n. So for example if our slope is
3.4, chances are we have 4 binding sites.


